Dynamics revealed by correlations of time-distributed weak measurements of a single spin 
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We show that the correlations in stochastic outputs of time-distributed weak measurements can be used to 
study the dynamics of an individual quantum object, with a proof-of-principle setup based on small Faraday 
rotation caused by a single spin in a quantum dot. In particular, the third order correlation can reveal the "true" 
spin decoherence, which would otherwise be concealed by the inhomogeneous broadening effect in the second 
order correlations. The viability of such approaches lies in that (1) in weak measurement the state collapse which 
would disturb the system dynamics occurs at a very low probability, and (2) a shot of measurement projecting 
the quantum object to a known basis state serves as a starter or stopper of the evolution without pumping or 
coherently controlling the system as otherwise required in conventional spin echo. 
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The standard von Neumann quantum measurement may be 
generalized in two aspects. One is measurements distributed 
in time Oil |2J, continuously or in a discrete sequence, as in 
the interesting Zeno [1] and anti-Zeno effects H. Time- 
distributed measurements intrinsically interfere with the evo- 
lution of the quantum object [2]. Another generalization is 
weak measurement in which the probability of distinguish- 
ing the state of a quantum object by a single shot of mea- 
surement is much smaller than one Jj, S la LZl IS]. On the 
one hand, weak measurement has very low information yield 
rate; on the other hand, it only rarely disturbs the dynam- 
ics of a quantum object by state collapse. As a combina- 
tion of the two generalizations, time-distributed weak mea- 
surements have been used to steer the quantum state evolu- 
tion 02|]. In this paper, we show that the statistical analy- 
sis of time-distributed weak measurements may be used to 
study the dynamics of a quantum object [8]. The outputs 
of time-distributed measurements bear the stochastic nature 
of quantum measurements, so the standard noise analysis in 
quantum optics [10] would be a natural method to be ap- 
plied. Notwithstanding that, we should emphasize that the 
stochastic output of time-distributed weak measurement is not 
the noise in the system, but an intrinsic quantum mechanical 
phenomenon. Revealing quantum dynamics by correlations 
of time-distributed weak measurements is complementary to 
the fundamental dissipation-fluctuation theorem which relates 
correlations of thermal noises to the linear response of a sys- 
tem no, m H . 

To demonstrate the basic idea, we consider the monitor- 
ing of coherent Lamor precession and decoherence of a sin- 
gle spin in a quantum dot, which is relevant to exploiting 
the spin coherence in quantum technologies such as quantum 
computing II15L lla Il7l Il8ll . The difficulty of studying the 
spin decoherence lies in the fact that the "true" decoherence 
due to quantum entanglement with environments is often con- 
cealed by the rapid "phenomenological" dephasing caused by 
inhomogeneous broadening in ensemble measurements (e.g., 
in a typical GaAs quantum dot, the spin decoherence time 



is ~ 10 6 sec, but the inhomogeneous broadening dephas- 
ing time is ~ 10~ 9 sec (3 Q3, 13 [3 EH). Note that 
many single-spin experiments are still ensemble experiments 
with temporal repetition of measurements. To resolve the spin 
decoherence exclu ding the inhomogeneous broadening effect, 
spin echo |lfjl Il9[ uli |22J 12311 and mode-locking of spin fre- 
quency 11811 have been invoked. In this paper, we will show 
that the spin dynamics can be revealed in correlations of the 
stochastic outputs of sequential weak probes. In particular, 
the third order correlation singles out the "true" spin deco- 
herence. Unlike conventional spin echo, the present method 
involves no explicit pump or control of the spin but uses the 
state collapse as the starter or stopper of the spin precession. 

We design a proof-of-principle setup (see Fig. H} based on 
Faraday rotation, which has been used in experiments for spin 
measurements J18J |20J, |2l[ |24[, |25J. The probe consists of a 
sequence of linearly polarized laser pulses evenly spaced in 
delay time r. After interaction with a single spin (in a quan- 
tum dot, e.g.), the light polarization is rotated by 9 or —9 for 
the spin state parallel or anti-parallel to the light propagation 
direction (z-axis). The Faraday rotation angle 9 by a single 
electron spin is usually very small (~ 10~ 6 rad in a quantum 
dot 024112511 ). so the two polarization states of the light corre- 
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FIG. 1 : A proof-of-principle setup for weak measurement of a single 
spin in a quantum dot by Faraday rotation. 



sponding to the two different spin states are almost identical. 
Thus a detection of the light polarization is a weak measure- 
ment of the spin, as long as the number of photons per pulse 
is not too large (see discussions following Eq. (0 for details). 
The light polarization is detected by filtering through a polar- 
ized beam splitter (PBS) which is aligned to let the light with 
polarization rotated by 9 fully pass through and the light with 
orthogonal polarization be fully reflected. The light with Fara- 
day rotation angle -9 is reflected with probability sin 2 (2#). 
For a small 9, the average number of reflected photons is much 
less than one, so in most cases, a single-photon detector set at 
the reflection arm would be idle with no clicks and one can- 
not tell which state the spin could be in. The clicks of the 
detector form a stochastic sequence. The correlations in the 
sequence will be analyzed to study the spin dynamics, such as 
the precession under a transverse magnetic field and the de- 
coherence. This proof-of-principle setup, being conceptually 
simple and adapted from existing experiments, is of course 
not the only possible implementation. For example, one can 
use continuous-wave probe instead of pulse sequences, inter- 
ferometer measurement of the polarization instead of the PBS 
filtering, polarization-selective absorption instead of the Fara- 
day rotation, and so on. 

We shall derive from quantum optics description of the 
spin-light interaction a weak measurement theory in the for- 
malism of positive operator value measure (POVM) 111 |26J . 
Consider a laser pulse in a coherent state \a, H) = e""" c \0) 
(where a H/v creates a photon with linear polarization H or V) 
and a spin in an arbitrary superposition C + |+) + C_|— ) in the 
basis quantized along the z-axis, the initial spin-photon state 
is 

|(A> = (C + |+> + C_|-»®|a,//>. (1) 

After interaction, the state becomes an entangled one as 



|(//> = C + |+> ® \a, +6) + C-I-) ® |a, 



(2) 



where \a, ±8) = e aa ^~ hc -\Q) (with a ±g = a H cos 8 ± a v sin 9) is 
a photon coherent state with polarization rotated by ±9. How 
much the spin is measured is determined by the distinguisha- 
bility between the two polarization states 

D=\- \{a, +9\a, -6)\ 2 = 1 - exp (-4|oi 2 sin 2 o) . (3) 

When the average number of photons N - \a\ 2 » 1 and the 
Faraday rotation angle 9 is not too small, the two coherent 
states are almost orthogonal and D — * 1, thus a detection of 
the light polarization provides a von Neumann projective mea- 
surement of the spin. For a single spin in a quantum dot, the 
Faraday rotation angle 9 is usually very small. For example, 
in a GaAs fluctuation quantum dot 112411 . \9\ ~ 10~ 5 rad for 
light tuned 1 meV below the optical resonance with a focus 
spot area ~ 10 fim 2 . The number of photons in a 10 picosec- 
ond pulse with power 10 mW is N ~ 0.5 x 10 6 . In this case, 
D = 4N9 2 ~2x 10~ 4 <K 1, the spin states are almost indistin- 
guishable by the photon polarization states. After interaction 



with the spin, the laser pulse is subject to the PBS filtering 
which transforms the spin-photon state to be 

\f) =C+|+> ® \a), ® |0> r + C_|~) ® |acos(26>)>, ® \a sin(26>)) r , 

(4) 

where |/?),/ r denotes a coherent state of the transmit- 
ted/reflected mode with amplitude /3. Separating the vacuum 
state |0) r from the reflected mode and keeping terms up to a 
relative error O \8 2 \ we write the state as 



W) = (c + i+> + vr^0c_i->) ® \a) t ® io), 

+ V0C_|-> ® \a) t ® |arsin(20)>; , 



(5) 



where \asin{29))' r denotes the (normalized) state of the re- 
flected mode but with the vacuum component dropped. With 
a probability P\ - D\C-\ 2 <K 1, an ideal detector at the re- 
flection arm will detect a photon-click and the spin state is 
known at |-), while in most cases (with probability Po = 
1 - Pi), the detector will be idle and the spin state becomes 
C+|+) + Vl - DC-\—) (up to a normalization factor), which 
is almost undisturbed by the measurement [since the overlap 
between the state before the measurement and the state af ter 
the measurement is (|C+| 2 + Vl -D\C-\ 2 ) / yfl - \C-\ 2 D = 

1 - O (D 2 )]. In the POVM formalism JHUHl, the Kraus oper- 
ators for the click and no-click cases are respectively, 

Mi = VOI-X-I, and M = Vl-£>|-><-| + |+)<+|, (6) 

which determine the (non-normalized) post-measurement 
state Mq/i\i//) and the probability P /i = (^ MLjMo/iU')- 

Between two subsequent shots of measurement, the spin 
precession under a transverse magnetic field (along x- 
direction) is described by, 



U - exp(-ifr x a>r/2) , 



(7) 



where & x is the Pauli matrix along the x-direction, and ai is the 
Larmor frequency. Coupled to the environment and subject 
to dynamically fluctuating local fields, the spin precession is 
always accompanied by decoherence. For simplicity, we con- 
sider an exponential coherence decay characterized by a de- 
coherence time T2- In the quantum trajectory picture Ipl llOll . 
the decoherence can be understood as a result of continuous 
measurement by the environment along the x-axis, for which 
the Kraus operators for the quantum jumps with and without 
phase flip are respectively 112611 



Ei - yfyfl&x, and Eq - yl - y/27, 



(8) 



where y = 1 — exp(-r/r2) = t/Tj is the coherence lost 
between two subsequent measurements. For a spin state de- 
scribed by a density operator p, the decoherence within t leads 
the state to S[p\ = EopE + EipE.. 

To study the spin dynamics under sequential measurement, 
we generalize the POVM formalism for a sequence of n mea- 
surement. To incorporate the spin decoherence in the density 




FIG. 2: The Monte Carlo simulation (solid oscillating curves) and 
the analytical result (envelopes in dashed lines) of the 2nd order cor- 
relation function, calculated with distinguishability D = 3 x 1(T 4 , 
Lamor precession period 2n/a> = 3 ns and the interval between two 
subsequent measurements t = 0.3 ns. In (a), no decoherence or inho- 
mogeneous broadening is present (T^ 1 = a = 0); In (b), T 2 = 200 ns 
but cr = 0; In (c), T 2 = 200 ns and cr~ [ = 10 ns. (d) shows the 
stochastic output (each line indicating a click event), obtained in the 
Monte Carlo simulation of about 7x 10 s shots of measurement during 
a real time of about 0.2 ms, with the same condition as in (a). 



operator evolution, we define the superoperators for the weak 
measurement and the free evolution as ./#o/ 1 [p] - Mq/ ipM Q/l , 
%\p\= tjpW , in addition to the decoherence superoperator 
§ defined above. For a sequence output X = \x\x^ ■ ■ ■ x„] as a 
string of binary numbers, the superoperator, 



jt x = jt x gq/j( x ... jt x ^<% jtx.sqt Jt x . 



(9) 



transforms an initial density operator p to ,4^x[p] (not nor- 
malized) and determines the probability of the output Px = 
Tr(^#x[p])- With the POVM formalism, the spin state evolu- 
tion under sequential measurement and hence the noise corre- 
lations discussed below can be readily evaluated. 

To illustrate how a real experiment would perform, we have 
carried out Monte Carlo simulations of the measurement with 
the following algorithm: (1) We start from a randomly cho- 
sen state of the spin \i//); (2) The state after a free evolution 
is U\tf/); (3) Then the decoherence effect is taken into account 
by applying randomly the Kraus operator Eo or E\ to the state 
(with normalization) with probability 1 - y/2 or y/2, respec- 
tively; (4) The measurement is done by randomly applying 
the Kraus operator Mo or M\ to the state (with normalization) 
corresponding to the output or 1 (no-click or click), with 
probability Pq or P\ given by the POVM formalism. Step 
(2)-(4) are repeated for many times. The output is a random 
sequence of clicks, as shown in Fig.[2](d). 

To study the correlation of the stochastic output, we first 
consider the interval distribution K(n), defined as the proba- 
bility of having two clicks separated by n — 1 no-clicks 1 1011 . 

K(n) = Tr^io^iiiPlJ/Tr^rjo]) , (10) 



where 0„_i means a string of n - 1 zeros. By a straightforward 
calculation, 



K(n) 



D + D 2 



D COT 

1 + e T 2 cos ncoT H cot — 

2 2 



(11) 



up to O {yD 2 \ and O (nD 3 ), for y, D <K cot < n. A successful 
measurement at the beginning of an interval projects the spin 
to the basis state |-) along the optical (z) axis. Then, the spin 
precesses under the external magnetic field about the x-axis. 
The interval is terminated by a second successful measure- 
ment among the periodic attempts after a time lapse of nr. 
The decay of the oscillation is due to the spin decoherence. 
The overall decay e^" D ^ 2 is due to decreasing of the proba- 
bility of unsuccessful measurement with increasing time. The 
measurement also induces a little phaseshift to the oscillation. 
Obviously, the smaller the distinguishability £), the less the 
spin dynamics is disturbed by the measurement. 

In experiments, often the photon coincidence correlation in- 
stead of the interval distribution is measured. The second or- 
der correlation g (2 \riT) is the probability of having two clicks 
separated by n - 1 measurements [10], regardless of the results 
in between, 



S (2) («t) Yj Tr (^-v,,-, i \P\) /Tr [Jx [p]) 

%\,x%,... ,x„-.\ €{0,1) 

n-\ 

=K(n) + Y K(n - m)K(m) 

«-l m-1 

+ Yj J] K ( n ~ m)K(m - I)K(l) + ■ ■ ■ . (12) 



=2 1=1 



By Fourier transformation and summation in the frequency 
domain, 



8 {2 \nT) 



?[' 



+ e 



-n(T/r 2 +£>/4) 



cos {na>T) + (£>)]. (13) 



The spin precession, the decoherence, and the measurement- 
induced decay are all seen in the second order correlation 
function [see Fig. |2]. Note that the overall decay of the in- 
terval distribution manifests itself as a measurement-induced 
dephasing of the oscillating signal in the correlation function. 
The Monte Carlo simulation shows that 10 10 shots of mea- 
surement would yield a rather smooth profile of the spin dy- 
namics, which requires a time span of about 3 seconds for the 
parameters used in Fig. [2] 

In addition to the decoherence due to the dynamical fluc- 
tuation of the local field, there is also phenomenological de- 
phasing due to static or slow fluctuations, i.e., inhomogeneous 
broadening which exists even for a single spin since the se- 
quential measurement contains many shots which form an 
ensemble. The inhomogeneous broadening is modeled by a 
Gaussian distribution of co with mean value coq and width cr. 
With the inhomogeneous broadening included, the ensemble- 
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FIG. 3: Contour plot of the envelope of the 3rd order correlation 
G <3) ('i, h), with parameters the same as for Fig.[2](c). The insets (a) 
and (b) show the oscillation details of G(?i,?2) in the range ns< 
hp, < 30 ns and 90 ns< t l2 i 120 ns, respectively. 



istics of the weak measurement consist in the negligible per- 
turbation of the spin state except for the projective state col- 
lapse when the measurement is successful in identifying the 
spin state. We show that the third order correlation reveals the 
spin decoherence from the inhomogeneous broadening. The 
theory presented here for sequential pulse measurement can 
be straightforwardly generalized to continuous weak measure- 
ment by letting the pulse separation r — » while keeping the 
average power of the light unchanged (i.e., D/t - constant). 
In the proof-of-principle setup based on Faraday rotation, all 
optical elements have been assumed ideal for conceptual sim- 
plicity. An investigation of the defects, e.g., in the PBS and in 
the photon detector, shows that they do not change the essen- 
tial results presented here but only reduce the visibility of the 
features. Details will be published elsewhere. 

This work was supported by the Hong Kong RGC 
Project CUHK402207, NSA/IARPA/ARO grant W911NF- 
08-1-0336, and ARO/LPS. 



averaged correlation function becomes 



fXnr)) = 5 [l 



,-n(T/r 2 +2)/4)-« 2 T 2 cr 2 /2 



COS (flW T) + O (£>)] . 
(14) 
Since usually <x » T^ 1 , the decay of the 2nd order corre- 
lation is dominated by the inhomogeneous broadening effect 
[seeFig.|2](c)]. 

To separate the spin decoherence from the inhomoge- 
neous broadening, we resort to the 3rd order correlation 
g (3) («iT, «2t), the probability of having three clicks separated 
by «i - 1 and nz — \ measurements. The idea can be under- 
stood in a post-measurement selection picture: After the first 
click, the second click has the peak probability appearing at 
an integer multiple of the spin precession period, so the coin- 
cidence of the two earlier clicks serves as filtering of the spin 
frequency and the third click would have a peak probability 
appearing at nzr = n\T, similar to the spin echo. The 3rd or- 
der correlation in the absence of inhomogeneous broadening 
is g (3) (?i, tz) oc g (2) (?i)g (2) (f2)- The ensemble-average leads to 

(gV\t u t2)) - 1 + J] e-C^-^-^cos^) 

/=1,2 

+ I e -(^ 1 ^ , °/ 4 )(" + ' 2 ) e - 2 ("^) 2 / 2 cos( W0 (fi + h)) 

+ I e -(^ 1 -- , »/ 4 )('. + ' 2 ) e - 2 ('.-^ 2 / 2 cos( W0 (fi - h)). (15) 

Fig.[3]pl0tS G%l,fe) = {g (3 \h,t 2 )) - (g (2) (fl))(g (2) (f2)) tO 

exclude the trivial background. Along the direction t\ = -tz, 
the 3rd order correlation oscillates and decays rapidly (with 
timescale cr -1 ). But the oscillation amplitude decays slowly 
(with timescale Tz) along the direction t\ - tz, as expected 
from the last term of Eq. (iSl . 

In conclusion, we have given a statistical treatment of se- 
quential weak measurements of a single spin. The character- 
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